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Abstract
The transformation property of the Caputo fractional derivative operator
of a scalar function under rotation in two dimensional space is derived.
The study of the transformation property is essential for the formulation of
fractional calculus in multi-dimensional space. The inclusion of fractional
calculus in the Lagrangian and Hamiltonian dynamics relies on such trans-
formation. An illustrative example is given.
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1 Introduction
Fractional calculus deals with differentiation and integration to arbitrary
noninteger orders, which can be real or complex. The subject is by no means
new. The idea appeared in a letter by Leibniz to L’Hospital in 1695. Full
mathematical aspects and applications of fractional calculus can be found
in Refs. [1]-[4].
In recent years, fractional calculus has played a very important role in
various fields such as mechanics, electricity, chemistry, biology, economics,
control theory, signal image processing, and groundwater problems. How-
ever, most of the physics applications have been restricted to one-dimensional
space problems. The inclusion of fractional multi-dimensional space opera-
tors has not been studied thoroughly. A touch on this subject is discussed
in Ref. [5]. The study of the transformation properties of the fractional
derivatives under space rotation can strongly shed light on the interpreta-
tion and manipulation of fractional derivatives in multi-dimensional space.
Obviously, it is expected that fractional derivatives operators to behave dif-
ferently from scalar, vector, and tensor objects because of their nonlocality.
It is our aim in this paper to investigate such behavior in a simple form.
To employ fractional calculus into Lagrangian dynamics, it is essential to
study the behavior of partial derivatives under coordinate transformations.
For example, given a scalar function Φ(x, y) describing some physical po-
tential, the field ∇Φ(x, y), determined by differentiation of the scalar field
Φ(x, y), is a vector field. To include the fractional derivatives in the La-
grangian formulation, it is essential to investigate the transformation prop-
erties of the fractional derivative operator ∇νΦ(x, y).
In this paper and using the Caputo definition we investigate the trans-
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formation properties of the fractional derivatives of a scalar function un-
der space rotation in two dimensions. An earlier work was done using
the Riemann-Liouville definition in Ref.[6], however, we believe that the
Riemann-Liouville definition is not suitable since the derivative of constant
is not Zero. Thus the invariance of a constant scalar field is broken. In
section 2, we give a brief introduction to fractional calculus. In section 3 we
investigate the transformation properties of the fractional derivatives under
two-dimensional coordinates rotation. Finally, in section 4 we give a brief
discussion and conclusions.
2 Fractional Calculus
Several definitions of the fractional differentiation and integration exist in
literature. The most common used are the Riemann-Liouville and the Ca-
puto derivatives. The Riemann-Liouville derivative of a constant is not zero
while Caputos derivative of a constant is zero. This property makes the Ca-
puto definition more suitable in our work. If we consider a constant scalar
function φ(x, y) = C throughout a region in the x, y plane, then the Caputo
definition guarantees that the scalar function remains invariant in the ro-
tated x′, y′ plane. The Caputo differential operator of fractional calculus is
defined as
aD
α
x
f(x) ≡
1
Γ(n− α)
∫
x
a
(x− u)n−α−1
dnf(u)
dun
du , n− 1 < α < n
dn
dxn
f(x) , α = n (1)
where Γ(.) is the Gamma function and x > a. In this work we consider
the case a = 0, 0 < α < 1, n = 1. For the power function xp, the Caputo
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fractional derivative satisfies
Dα
x
xp =
Γ(p + 1)
Γ(p− α+ 1)
xp−α , 0 < α < 1, p > 0, p ∈ R
0 , 0 < α < 1, p = 0 (2)
For mathematical properties of fractional derivatives and integrals one can
consult Ref.[1]-[4].
3 Transformation of the Caputo Fractional Deriva-
tive of a Scalar Field Under Space Rotation
In this work we only consider infinitesimal space rotation in two dimension
(x, y). The general case of three dimensions will be left for future work.
Consider a scalar field Φ(x, y) which is required to be analytic at the point
(0, 0). The scalar function Φ(x, y) can be expanded in a Taylor series written
as
Φ(x, y) =
∑
n,m
an,m
xnym
n!m!
, (3)
where
an,m ≡
∂n∂mΦ(0, 0)
∂xn∂yn
(4)
Under an infinitesimal rotation δθ in the x− y plane, the coordinates x
and y transform as
x′ = x+ δθy ,
y′ = y − δθx . (5)
The scalar function Φ(x, y) is invariant under space rotation, i.e., Φ′(x′, y′) =
Φ(x, y). To guarantee that φ′(x′, y′) = φ(x, y) one can show that, to first
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order in δθ,
a′
n,m
= an,m + δθ [nan−1,m+1 −man+1,m−1] ,∀n,m. (6)
The partial derivatives of the scalar function transform as
∂
∂x′
φ′(x′, y′) =
∂
∂x
φ(x, y) + δθ
∂
∂y
φ(x, y) ,
∂
∂y′
Φ′(x′, y′) =
∂
∂y
Φ(x, y)− δθ
∂
∂x
Φ(x, y) , (7)
The transformations of the partial derivatives imply that the gradient∇Φ(x, y)
is a vector field.
In this work we investigate the transformation properties of the Caputo
fractional derivatives Dν
x
Φ(x, y) and Dν
y
Φ(x, y), where 0 ≤ ν ≤ 1. The
end-point case ν = 0 refers to the identity transformation ∂0/∂x0Φ(x, y) ≡
Φ(x, y). The case ν = 1 refers to the usual first-order partial derivatives.
The reason to choose the Caputo definition is to guarantee that a constant
scalar function remains invariant under space rotation, since Dνc = 0, where
c is constant.
We start by investigating the transformation property of the fractional
partial derivative Dν
x
Φ(x, y). Starting with Eq. (3) and using the result of
Eq. (2) we write the fractional derivative as
Dν
x
Φ(x, y) =
∑
n≥1,m
an,m
xn−νym
n!m!
Γ(n+ 1)
Γ(n− ν + 1)
=
∑
n≥1,m
an,m
xn−νym
Γ(n− ν + 1)m!
. (8)
Similarly, the transformed partial derivative can be written as
Dν
x′
Φ′(x′, y′) =
∑
n≥1,m
a′
n,m
x′(n−ν)y′m
Γ(n− ν + 1)!m!
. (9)
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Using the transformations in Eq. (5) we can write, to first order in δθ,
x′n−ν = (x+ δθ y)n−ν = xn−ν + (n− ν) δθ xn−ν−1 y ,
y′m = (y − δθ x)m = ym −mδθ x ym−1 . (10)
Substituting the results of Eqs. (10) and (6) into Eq. (9) one finds
Dν
x′
Φ′(x′, y′) =
∑
n≥1,m
1
m!Γ(n− ν + 1)
[an,m + δθ n an−1,m+1 − δθ man+1,m−1]
[xn−νym + (n− ν)δθxn−ν−1ym+1 −mδθxn−ν+1ym−1] . (11)
Keeping terms to first order in δθ we find
Dν
x′
Φ(x′, y′ =
∑
n≥1,m
1
m!Γ(n− ν + 1)
[an,mx
n−νym
+ δθ {(n − ν) an,mx
n−ν−1ym+1
− man,mx
n−ν+1ym−1
+ n an−1,m+1x
n−νym
− man+1,m−1x
n−νym}] . (12)
By shifting powers of x and y cancellation occurs and the above equation
reduces to
Dν
x′
Φ′(x′, y′) = Dν
x
Φ(x, y) + νδθ
∑
n,m
1
Γ(n− ν + 1)m!
an−1,m+1x
n−νym . (13)
The last term can be rewritten as
νδθDν
x
I1
x
D1
y
φ(x, y) , (14)
where D1
y
φ(x, y) = ∂φ(x, y)/∂y and I1
x
φ(x, y) =
∫
x
0 φ(x, y)dx. Thus we write
the final result as
Dν
x′
Φ′(x′, y′) = Dν
x
Φ(x, y) + νδθDν
x
I1
x
D1
y
φ(x, y) . (15)
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Similarly we can show that
Dν
y′
Φ′(x′, y′) = Dν
y
Φ(x, y)− νδθDν
y
I1
y
D1
x
φ(x, y) . (16)
The above transformation property of the fractional derivatives reflects the
inherited non-locality of the fractional calculus. A small variation in the
fractional derivatives of a scalar function at the point (x, y) in a coordinate
system is connected to the evolution (integral) of the function in another
rotated coordinate system.
4 Discussion and Conclusions
For the special case ν = 0, it is straightforward to recover the invariance
Φ′(x′, y′) = Φ(x, y) . (17)
For the case ν = 1, we recover the vector transformations in Eq. (7) since
D1
x
I1
x
= 1.
As an example, consider the scalar field Φ(x, y) = x2+ y2. It is straight-
forward to derive the transformation of the partial derivatives
Dν
x′
Φ′(x′, y′) = Dν
x
Φ(x, y) +
2δθ
Γ(2− ν)
x1−νy , (18)
and
Dν
y′
Φ′(x′, y′) = Dν
y
Φ(x, y)−
2δθ
Γ(2− ν)
x y1−ν . (19)
It becomes a simple exercise to show that the quantity
xν
∂νΦ(x, y)
∂xν
+ yν
∂νΦ(x, y)
∂yν
. (20)
is a scalar, i.e., invariant under space rotation. Also one can show that for
the above function the fractional partial operator (Dν
x
Dν
x
+ Dν
y
Dν
y
)Φ(x, y)
7
is not invariant. However, the quantity (x2ν Dν
x
Dν
x
+ y2ν Dν
y
Dν
y
)Φ(x, y) is
invariant in two dimensional space. Therefore, there is a need to fully study
the behavioral transformations of the fractional partial derivatives before a
serious attempt to generalize fractional calculus into the three-dimensional
space. Further future studies are needed to understand this behavior.
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